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Abstract 
In the paper, use the n-tangle, as a measure of entanglement to investigate the superposition of 

Greenberger-Horne-Zeilinger states for even n qubits. The paper show that orthogonal basis with the GHZ 
state can be divided into two group via SLOCC –invariant. In the same group, an expression for any two 
superposed state is provided, when the superposition coefficient is real, the n-tangle of superposed state 
is invariable. Otherwise in the different group, which can get a different expression if the superposed state 
come from different group. 
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1. Introduction 

Quantum entanglement is a key element for applications of quantum communications 
and quantum information. In particular, the entanglement can be used as a quantum resource to 
carry out a number of computational and information processing tasks, which include 
teleportation of an unknown quantum state. Quantum teleportation is a prime example of a 
quantum information processing task, which an unknown state can be perfectly transported from 
one place to another by using previously shared entanglement and classical communication 
between the sender and the receiver [1]. Analysis of such quantum phenomena may provide us 
a better understanding of the structure of the quantum mechanics framework. Therefore, it is 
important to find out the ways of classifying and quantifying the entanglement properties of 
quantum states. The idea that locally invariant quantities can be used to characterize 
entanglement is central to this work. Invariants under local unitary (LU) and more general 
transformations, such as, stochastic local operations and classical communication (SLOCC), 
have been extensively studied in this context [2–13]. 

Recently a new question has been raised concerning the entanglement of the 
superposed states [14–20]. Yang et al [22] have presented a way to teleport multi-qubit 
quantum information via the control of many agents in a network. Also reported in other areas 
[23, 24]. ZHANG [15] studied the entanglement properties of the superposed state of orthogonal 
maximally entangled states and discussed the relation between the superposed state and the 
mutually unbiased state. Preeti Parashar and Swapan Ranat [14] calculated the analytic 
expression for geometric measure of entanglement for arbitrary superposition of two N-qubit 
canonical orthonormal Greenberger-Horne-Zeilinger (GHZ) states and the same for two W 
states. Recently, Seyed Javad Akhtarshenas [21] investigated lower and upper bounds on the 
concurrence of the superposition of two states. 

The paper will analyze expression of SLOCC –invariant and n-tangle for arbitrary 
superposition of two N-qubit canonical orthogonal GHZ states.  

 
 

2.  The SLOCC –Invariant and n-tangle of GHZ States 
For even n qubits，the 2 degree SLOCC invariants are defined [4] 



TELKOMNIKA  e-ISSN: 2087-278X  
 

N-tangle of the Superposition of Greenberger-Horne-Zeilinger States (Xiu-Li Tu) 

3423

*
1 2 1 2ˆ ˆ ˆH n y y n y                                (1) 

 
Alexander Wong define the n-tangle by [25] 
 

22 *
1 2 1 2 1 2ˆ ˆ ˆ= Hn n y y n y                     (2) 

 
For two qubits, the concurrence C is defined as [26] 
 

 
2

*
1 2ˆ ˆy yC     

；                              (3) 
 

i.e.     2

1 2HC    ，                                             (4) 

 
it is easy to show , 
 

 1 2 1 2 0 3H 2 a a a a 
,                                         (5) 

 
For four qubits, it is obtained [6] 
 

 1234 0 15 1 14 2 13 3 12 4 11 5 10 6 9 7 82H a a a a a a a a a a a a a a a a                  (6)   

                                               
As ref[10], The full set of canonical orthogonal N-qubit GHZ states is given by 
 

 2 3 2 312

1
0 0

2
G n nn

i i i i i i   


  ，                                     (7) 

 

where i= 0 ,1 k = 2 ,3 , ,n   and a bar over a bit value indicates its logical negation. 

Obviously, get that n-tangle 1 2 = 1n  for all HZ states. But for 2 degree SLOCC 

invariants 
 

*
1 2 1 2ˆ ˆ ˆH 1n y y n y        .                             (8)  

 
Therefore, according to 2 degree SLOCC invariants, all GHZ states can be divided into 

two sets, one is 1 2H 1n  ,the others is 1 2H 1n   . 

For two qubits, there are four orthogonal maximally entangled states, i.e., four Bell states, 
 

  1
01 10

2
    ，  

 1
00 11

2
    ，                                    (9) 

 
For convenience, let us express  
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                                  (10) 
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The two sets  1 2,  , 1 2,  ，        

For the four-qubit system., There are sixty  orthogonal maximally entangled states, i.e., 
GHZ states, 

 1 1
0000 1111

2
   ，  

 2 1
0001 1110

2
  

，   

 3 1
0010 1101

2
   ，    

 4 1
0011 1100

2
   ，              

 5 1
0100 1011

2
   ，         

 6 1
0101 1010

2
   ，   

 7 1
0101 + 1010

2
  ，  

 8 1
0111 1000

2
   ，    

 
 1 1

0000 - 1111
2

 
，  

 2 1
0001 + 1110

2
 

，  

 3 1
0010 + 1101

2
 

，                 

 4 1
0011 - 1100

2
 

，              

 5 1
0100 + 1011

2
 

，   

 6 1
0101 - 1010

2
 

，  

 7 1
0101 - 1010

2
  ，                

 8 1
0111 + 1000

2
  ，                        (11) 

 

The two sets  1 2 8, ,   , 1 2 8, ,   .similarly, for even n 

qubits, there are two sets  1 2, ,   , 1 2, ,   GHZ states. 



TELKOMNIKA  e-ISSN: 2087-278X  
 

N-tangle of the Superposition of Greenberger-Horne-Zeilinger States (Xiu-Li Tu) 

3425

3.  The Superposition of GHZ States 
The superposition of two GHZ  states in same sets is 
 

1 21 2 1 2
1 2 1 2

i i

AB
c c a e a e                           (12) 

 
Then the the n-tangle  
 

1 2
22 22 2

1 2 1 2= i i
n a e a e                                     (13) 

 

If 1 2= - =k    , 12 1n  ,The state superposed of the two GHZ states’s n-tangle is 

also equal to 1. Obviously, if 1 2  , The n-tangle of two GHZ superposed state is also 

equal to 1. Especially if  1 2 = 0  , i.e., the superposition coefficient is real,  the n-tangle is 

not changed for two GHZ superposition states in same sets. 
On the other hand, The superposition of two different set GHZ  states is 

 
1 21 1 1 1

1 2 1 2
i i

AB
c c a e a e                              (14) 

 
Then the concurrence  
 

      1 2
22 22 2

12 1 2
i i

n a e a e                                                   (15) 

 

If 1 2

1
= - =

2
k      

 
, 12 1n  , 

Obviously, if 1 2  , 
22 2

12 1 2n a a   . If 1 2 = 0  ,and 1 2=a a , i.e., the 

superposition coefficient is real and equal,  The state superposed of the GHZ states is a 
separable state. 
 

 
4. Conclusion 

 In summary, the paper has discussed the n-tangle of superposition of Greenberger-
Horne-Zeilinger states via the SLOCC invariant for even n qubits and find that orthogonal basis 
with the GHZ state can be into two group via SLOCC –invariant. The paper has shown that 
there exists a relation between the n-tangle and the SLOCC invariant for superposition of 
Greenberger-Horne-Zeilinger states. It could be affirmed that if the 2 degree SLOCC invariant of 
Greenberger-Horne-Zeilinger states is same, the n-tangle of superposition state is determined 
by the coefficient of phase difference. Especially, if the superposition coefficient is real, the n-
tangle is not change in same sets; but in different sets, the n-tangle of superposed state is 
determined not only by phase difference but also by amplitude. 
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